p r [ o ‘:.} w. - . & ‘

el " ’ o 3 "
UNIVERSITY OF WATERLQO S, & = 8" . — F o
FACULTY OF ENGINEERING & f.‘ : [ 1 -
Department of Electrical & { Ak ;
omputer Engineering __ ~ ‘\;\ !,.,Q £ e L ; - :

c®e _ " . s ECE204Numerical methods -

A T
L ]

R 1 A I...‘
o oy 7 R
AT ‘1 - 3
& L Y - ., -
w.vi‘_____\ - . - e s

- 0 . . F
_‘ : 3 - N Ao, -

P== = " " J «™

\ » .. J"

- =R Approxiinatin‘g th,é iﬁnteg‘ra‘l ilsi'ng 3

/’

U Jeast: .§guares best- flttlng,,polynoiﬁra.ls A

“‘t " A d 3.,,!!-

P - - e . ¢ .
V' . <" 4 _ﬁ E
Ve . ) | N o :-' = lb'-
?fll\\‘ ' . \ : p ' a - , _.‘. - . *

3 g2 R AT 1
e Douglas Wilhelm Harder, LEL M. Math f\,
" f S ¢ _

- dwharder @uwaterloo.ca
- 4 \\ ‘dwharder@gniail.com . %F
. ‘ . : ’
o N, vy

. B, . ‘ X




:.1"' )f‘« x .';3:‘..(.‘--;;“ 8 1 Gar e g o, 2 r'“ *"..,; R
, '% ¢, R :?A'pprommatlng {ﬁe 1ntegra‘l usmg heast squares B’est-%gpolykpmlal “/"‘\’\:’Wi
w200

Introduction

* In this topic, we will

— Discuss how to estimate an integral of data by using the
least-squares best-fitting polynomials

t

n+l

— Estlmatlngj t)dt or jy(t)dt where ¢, =1, +kh

4 4

n—1 n

— Describe the formula for both linear and quadratic
polynomials
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Approximating the derivative

In the last lecture, we saw that
if we mapped the last N+ 1 times ¢, , ..., ¢, t0—N, ..., 0,
we can easily find a,0+ a, on the right

— In this case, y(t, + 0 h)=a,+ a,0 t—t
— The scaling, however, increases the area by 4

tn—4 tn—3 ZLn—2 ZLn—l t” —4 -3 —2
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Approximating the integral

* Thus, for a least-squares best-fitting linear polynomial,
the best estimate of the integral

t, 0
_[ y(t)de zhj.(al5+a0)d5
t 1
o
Yno®
a,0+a, 5
Yn4 ds
L
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Approximating the integral

* Thus, for a least-squares best-fitting linear polynomial,
the best estimate of the integral

n+l

1
t)dt zh_[ a,6 +a,)ds
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Approximating the integral

 We can perform the same operation for a least-squares
quadratic polynomial

if J’(t)dtzhj)‘(aﬁz +a15+a0)d5:h(a0 _ﬁ+&]
5 °
t’]tly(t)df zhj(a252 +al5+ao)d5:h(a0 +%+%j

t 0

n

Yno®
a,* + a,t+a, .
n—3




class E
pub

private:

}s

e o o8 SIS o > @ it A
i\? . { ;W ¥- Approx1maﬁ1g a p'?)'h‘t usfng I'east squaresFest-%gppl;melalﬁ / ]‘j\ i
| e

o;\:ﬁ.. N
) :
v, lﬂ ":T

O(1) run time
@ This exemplifies an idea,
it is not required for this course.
Everything in this class runs in O(1) time with O(n) memory:

stimate {
lic:
Estimate( double y@, double delta t );

double operator()( double delta ) const;
void next( double y );

double diff() const;

double int next() const; // Estimate integral over the previous time step
double int _prev() const; double Estimate::int_prev() const {

return delta t *(a@_ - al /2.0);
std::size t curr_; }
double ys_[4];
double al , a@_, s_; // Extrapolate integral over the next time step
double delta t_; double Estimate::int_prev() const {

return delta_t_*(a@_ + al_/2.9);

}
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Summary

Following this topic, you now

— Understand how to estimate the integral using least-squares best-
fitting polynomials

— Are aware that we can both estimate the integral over the last

time interval, or extrapolate and estimate the integral over the
next time interval

— Understand that if we already have the coefficients,
we can find these estimates in O(1) time
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more 1nformat10n
AL, P
L .ﬂ? =




'.'!"l . 3 \\r by o

‘\" ,‘ ':J,‘ 1 '_o

i s ,-,,rv’/, : o 2 &
4 TR A'pprox1mat1ng fhe 1ntegr’al usmg }east squares best %g‘polykpmlalp /'Q«ﬁ,f"
* 205

-----

Disclaimer

These slides are provided for the ECE 204 Numerical methods
course taught at the University of Waterloo. The material in it
reflects the author’s best judgment in light of the information
available to them at the time of preparation. Any reliance on these
course slides by any party for any other purpose are the
responsibility of such parties. The authors accept no responsibility
for damages, if any, suffered by any party as a result of decisions
made or actions based on these course slides for any other purpose
than that for which it was intended.
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